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Plasmas are the fourth and most common of the four naturally occurring states of matter observed in the universe,
existing over a wide parameter space, with densities and temperatures spanning several orders of magnitude. As a
result, a hierarchy of models is used to understand this state of matter, with the choice of model used determined by
the plasma parameters and the level of detail required. The simplest of these models is single particle motion, which
neglects interactions with other particles that make up the plasma, and considers only how individual particles respond
to the presence of external electric and magnetic fields. Despite its simplicity, this model offers a rich insight into
how charged particles respond to electromagnetic fields and underpins our understanding of more complex plasma
behavior. In this tutorial, we explore the ways particles move under the influence of these fields using the Lorentz force
as the governing equation of motion. Depending on the configuration of the fields, this model reveals a wide variety
of behaviors, such as drifts and magnetic mirroring. We begin by analyzing motion in uniform fields, then extend
the discussion to include nonuniform and time-varying fields. To build intuition, we present simulations that visualize
the resulting trajectories. We also derive analytical expressions for key phenomena to complement and explain the
simulated results. Finally, we highlight how these drift motions are relevant to plasmas of current interest, including

those found in laboratory settings and in plasma confinement devices.

I. INTRODUCTION

Normal matter that is observed in the universe exists in one
four fundamental states: solids, liquids, gases, and plasma.‘*2
The behavior of these states are defined by the underlying in-
teractions that govern the motion of the components that make
up a particular state of matter. For example, the behavior of
a solid is defined by the interparticle interactions that result
in the constituent atoms or molecules being rigidly fixed in
space. As energy is added to the system, the kinetic (thermal)
energy of the atoms or molecules increases until an energy
barrier is passed. When this happens, the interparticle inter-
actions are no longer large enough for the atoms or molecules
to remain rigidly fixed in space and a phase transition is ob-
served as the solid becomes a liquid. Similarly, if one con-
siders a gas, such as air, the only interactions between the air
molecules occur when they collide with each other. As a re-
sult, an air molecule will move in a straight line until it col-
lides with another air molecule. If enough energy is added to
a gas, another energy barrier is passed, at which point elec-
trons are stripped from the individual atoms. This results in a
conducting medium that, in addition to neutral atoms, contain
electrons and (usually) positively-charged nuclei, i.e., ions.
While this state of matter is overall quasineutral, there can
be spatially localized imbalances of charged particles. The
electromagnetic interactions that arise from these local imbal-
ances of charge lead to what is known as collective behavior,
where the local behavior, or motion, of the particles in the sys-
tem is determined not just by the local conditions mediated by
collisions, but by conditions some distance away via electro-
magnetic interactions. For an introductory discussion of this
topic, see the contribution by Schaffner? in this collection.

Most of the visible universe exists in the plasma state.> For
example, stars, the interstellar medium and aurora are plas-

mas. Additionally, plasmas can be constructed for technolog-
ical applications, and are used for electric propulsion, semi-
conductor manufacturing, lighting, medicine, and fusion re-
actors, among others.* For an introduction to fusion, see the
contribution by Srinivasan’ in this collection. Plasmas span
a vast range of densities and temperatures, with comet tails
having a low density and temperature, as compared with the
solar corona, which is a hot, dense plasma. Since plasmas can
exist over such a large parameter space, plasmas can exist in a
regime where one can model their behavior by only consider-
ing the motion of individual particles, or plasmas can exist in a
regime where collisions or interparticle interactions dominate
and the plasma behaves more like a fluid.

To fully describe the behavior and evolution of a plasma,
one must simultaneously and self-consistently compute three
quantities: (1) the motion of the particles determined by the
applied electric and magnetic fields, (2) the evolution of the
current and charge densities based on the particle trajecto-
ries, and (3) how the electric and magnetic fields are modified
based on the evolution of the current and charge densities. In
practice, this is an impractical task, both analytically and com-
putationally. As a result, plasma physicists have developed a
hierarchy of models to understand these systems based on the
parameters of the plasma (density, temperature, efc.) and the
level of detail that is necessary. At one end of this hierarchy,
one can employ the model of single particle motion where one
ignores the interaction between the particles that make up the
plasma and considers only how individual particles behave in
external electric and magnetic fields. As the interactions be-
tween the plasma particles become important, including the
particle interactions with the electric and magnetic fields that
are generated by the moving plasma particles, tracking the
motion of every individual particle becomes impossible. In
this situation, one can replace the individual particles with a
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(smooth) distribution function, f (7,V,r), and track the evolu-
tion of the distribution function over time instead of tracking
the individual particles to understand the dynamics of the sys-
tem. When the system is in thermal equilibrium (i.e. collisions
dominate), the plasma particles will move together and the
distribution function will not evolve in a significant way over
short periods of time. In this case, one can simplify things
by employing a fluid model where one takes moments of the
distribution function to find the average behavior of particles
filling a small volume of phase space, such as density, temper-
ature, velocity, and pressure, which characterize the macro-
scopic properties of the system. This fluid model allows for
a more complete and self-consistent description of a plasma.
As the temperature of the plasmas increases, collisions can
become rare and the plasma can remain out of thermal equi-
librium for extended periods of time. In this situation, one can
continue to track the evolution of the distribution function but
cannot make the simplifying assumption of taking moments.
This is the most complete (analytic) model of a plasma and is
known as kinetic theory.

In the model of single particle motion, one assumes that the
plasma particles do not interact with each other. In this case,
the evolution of the particle’s motion is governed by the exter-
nally applied electromagnetic fields experienced by the parti-
cle at a given instant in time. The simplicity of this approach
might lead one to wonder if such a model would even be ap-
propriate for a describing the behavior of a plasma, but it turns
out that this approach can provide an understanding of many
of the properties of a plasma and ultimately lays the foun-
dation for understanding the emergence of collective behav-
ior, where (Coulombic) particle interactions dominate. This
model is particularly useful in systems where interactions be-
tween particles are minimal. One way to quantify this is by
examining the average time between collisions (i.e. the in-
verse of the collision frequency), or equivalently, the average
distance a particle travels before interacting with another par-
ticle, known as the mean free path, },mfp, <. When this time or
distance is large compared to the characteristic timescales or
length scales of the system, the single particle model becomes
particularly useful. Such conditions are found in rarefied plas-
mas like the interstellar medium, in the radiation belts where
particles are highly energetic, and in fusion plasmas. Table I
summarizes typical plasma parameters (e.g. electron density,
ne, and electron temperature T, across different environments
and calculates the relevant plasma quantities, e.g. electron

2
plasma frequency @, = /%<, electron-ion collision fre-
quency Ve; = neVin, O In A, the electron Debye length, Ap .,

and the electron mean free path, Apgp. = V'v""' , where A is the

Coulomb logarithm, v, , = 4 /kr‘;—f" is the electron thermal ve-
locity and o,; is the electron-ion collision cross section, as
described in Ref. [1].

The purpose of this tutorial is to explore a set of cases that
demonstrate how the model of single particle motion can be
used to understand key features of charged particle behav-
ior in plasmas. It is intended for readers beginning to learn
about this unique state of matter, who have a background in
physics at the level of a second- or third-year undergraduate

student and beyond. It is not intended to provide a compre-
hensive overview, and the reader is referred to many excel-
lent textbooks that cover these motions in a more comprehen-
sive fashion.>~'? Simulations in VPython, where the equation
of motion is solved using a fourth-order Runge-Kutta method
to visualize particle trajectories, are presented and the related
code is provided in the supplemental materials, allowing read-
ers to apply these techniques to more complex scenarios and
further develop their physical intuition. The structure of this
manuscript is as follows: the governing ideas are summa-
rized in Section II; examples involving uniform external fields
are discussed in Section III; spatially non-uniform and time-
varying fields are explored in Sections IV and V, respectively.
A summary is then provided in Section VI.

1l. FUNDAMENTALS OF PARTICLE MOTION

When the charged particles in a plasma do not significantly
interact with each other, the motion of each particle can be
treated independently. In these situations, the charge and mass
of the plasma particles (ions, electrons) result in electromag-
netic interactions, described by the Lorentz Force Law, being
the dominant forces and the motion of the particles can be de-
scribed by applying Newton’s 2nd Law, Eq. 1.

ﬁ:rnﬁ:q(ﬁ+\7><§>, @)

where m is the particle mass, g is the particle charge, E is the
electric field, v is the particle velocity, and B is the magnetic
field. The Lorentz force equation, given in Eq. 1, captures
the fundamental physics needed to describe particle motion in
externally applied electric and magnetic fields. It is often use-
ful to decompose the velocity of the particle into components
parallel, B and perpendicular, v, , to the magnetic field:

v-B 4
i = =B, @
ﬁ:\7”+l7r 3)

where B is a unit vector that points in the direction of the mag-
netic field.

11l. UNIFORM ELECTRIC AND MAGNETIC FIELDS
A. Case 1: Uniform Magnetic Field

As a starting point, let’s consider the case of an ion or elec-
tron with charge ¢ and mass m in a region of uniform magnetic
field, B= B,Z and no electric field, E =0. In this situation, we
see from Eq. 1 that the force is perpendicular to both the direc-
tion of motion, #, and the applied magnetic field, B. Because
of this, we would expect that the plasma particle will exhibit
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TABLE 1. Typical plasma parameters for a range of plasma systems calculated using the PlasmaPy library.® The primary gas species for each
plasma is indicated in parentheses. The inverse of the collisions frequency, V,;, or the distance traveled between collisions, l,“fp'c, can be
useful in determining the appropriate model to use. Based on these values, one would expect that the model of single particle motion would

be most useful in describing the first four examples.

Plasma em®)  TLEV) ope (™) Vi) Ipe@ e (m)
Interplanetary Medium (H) 106 1 10° 1073 10 10°
Earth’s Ionosphere (O) 10! 0.1 107 102 1072 103
Earth’s Outer Magnetosphere (H) 10° 3 103 1073 10! 1010
Fusion Experiment (H) 101 104 10° 102 1073 103
gas disharge (Ar) 1015 2 10° 10* 104 103
Solar corona (H) 1013 102 108 100 1072 106

uniform circular motion about the magnetic field. To be more
quantitative, we can write Eq. 1 in Cartesian coordinates as

dvy _ qbBo

T Y “a)
dv B

dv,

=i =0, (40)

where we have introduced a short-hand notation for the time
derivative, in which each dot over a quantity represents a time
derivative of that quantity, e.g. v, = ‘fi‘f. From Eq. 4c, we
see that the motion of the plasma particle does not change
in the direction parallel to the magnetic field, which is Z for
this example. As such, a particle that has a component of
velocity in the direction of the magnetic field will drift with
a constant velocity, V|- From Egs. 4a and 4b, we see that the
motion in the x and y directions are coupled. To decouple
these equations, we first take the time derivative of Eq. 4a
to obtain an expression for ¥y, which we then combine with
Eq. 4b to arrive at Eq. Sa. Applying the same process to Eq. 4b
leads to Eq. 5b:

2
B, B,
=2 Zpy=— (q ”) Ve = —@2vy, (5a)
m m
n qBo | 4By’ >
vy = —71@( == Vy = —@; vy, (5b)

Here, we see that the plasma particle undergoes harmonic mo-
tion about the magnetic field line at a gyrofrequency given by
o = ";‘% with a direction that depends on the sign of the par-
ticle’s charge. This frequency, @, is known as the cyclotron
frequency and quantifies the rate at which a charged particle
orbits the magnetic field. The gyroradius of the orbit, known

as the Larmor radius 7, can be found by noting that the mag-

2
. . . my’ — =1
netic force is centripetal, so =L = ¢ | V¥ x B |=qv By, or

my vy

= = . 6
qBo ©

L
Figure 1 shows a simulation for a particle with an initial
velocity in the x and z directions. Notice that the particle ex-
hibits circular motion in the x-y plane and drifts in the 4z
direction, along the magnetic field. The gyration represents a
microcurrent which creates a magnetic field that is opposite to
the applied background field, making plasmas a diamagnetic
material.
The exact motion of the particle can be found by integrating
Eqgs. 5a and 5b to yield:

x(t) — xge = resin (@t + o) (7a)
y(t) = yge = Erpcos (@t + ¢p), (7b)

where xg. and y,. describe the x and y coordinates of the cen-
ter of the orbit, and ¢y is an arbitrary phase to match the initial
conditions. Eq. 7 describes a particle moving in a circular or-
bit around the magnetic field line centered at the guiding cen-
ter with a gyroradius, 7y, and gyrofrequency, @.. A schematic
of this gyromotion in the x-y plane is shown in Fig. 2.

The motion of charged particles in a magnetic field can be
thought to consist of the linear motion of the guiding center
superimposed on circular motion about the guiding center. In
Fig. 1, ¢o = /2, and the guiding center of the particle is fixed
inx and y, but increases linearly with time in z: (xgc, Yec,Zgc) =
(x0,0,v41).

B. Case 2: Uniform Electric and Magnetic Fields

Now, let’s consider the case of a charged particle in a re-
gion of uniform electric, E = E, £+ E,y+E;Z, and mag-
netic, B= By Z, field. In this case, it is easiest to qualita-
tively see what happens by decomposing the electric field
into its components parallel, E"H = E. 2, and perpendicular,
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FIG. 1. Plot of the trajectory of a proton with an initial position and
velocity of Xy = 0.08£+0.055+0Zmand ¥ = 5x 103 £+ 05+ 1 x
10° 2 mys, respectively, traveling in region where the magnetic field
is B=0.1%T. The particle traces out a helical trajectory as it moves
along the magnetic field. The green and blue arrows indicate v and
v , respectively.
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FIG. 2. A charged particle moving in a magnetic field undergoes
circular motion about its guiding center.

E | = E,®+EyY, to the magnetic field. In this situation, we ex-
pect that the particle will exhibit gyromotion in the x-y plane
due to the magnetic force and will move with a constant ac-
celeration in the z-direction due to the electric force from E| B
To understand the effect that the perpendicular component of
the electric field has, let’s assume that the plasma particle has
a positive charge. In this case, the particle will experience a
positive acceleration (i.e. speed up) when it is moving in the
positive x and y directions and experience a negative acceler-
ation (i.e. slow down) when it is moving in the negative x and
y directions due to the electric force from E | . This will result
in a guiding center drift in the direction perpendicular to both
E and B. To be more quantitative about this, let’s apply the
Lorentz force equation in its component form:

E. By E,
Vy = i + uvy . + vy (8a)
m m m

4
E, 4B E
py=3_ 3%, 8 _ . (8b)
- m m m
E
v =12, 8c)
m

As expected, we see that the particle experiences a constant
acceleration, qﬁ" , in the Z direction. The motion in the x- and
y-directions can be decoupled by taking the time derivative of

Eqgs. 8a and 8b, which leads to

. ! E,
Vy = @y = 7(1)3 <vI — Ei)) (9a)
E)c
Wy = — @, = —0F <v, + —) . (9b)
) Bo

Integrating Eq. 9, we find the motion of the particle to be

x(t) =rLsin(th+¢o)+§—gt (10a)
¥(0) = ricos @1+ ) = 1. (100)

where ¢ is again an arbitrary phase to match the initial con-
ditions. The resulting motion is similar to the case of uniform
B with E = 0; however, the guiding center now experiences a

motion given by Xg. = (B%'tﬁ - B%l )7)‘ This corresponds to a
constant drift velocity, known as the E x B drift velocity, that

is independent of the charge and can be written in vector form
as:

. EXB
VExB — 732 (l 1)
This result, Eq. 11, can be generalized by replacing the elec-
tric field in Eq. 8 with a field that represents an arbitrary, con-
stant force, g, and observe that any external force will result

in a drift given by

. FxB
o= g (12)

To make sense of this motion, described by Eq. 10, let’s
simplify things by considering the case when Ey = 0. In this
case, the motion can be described using Eq. 13.

x(1) = rpsin (@t + @o) + vat (13a)
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z X

FIG. 3. Plot of the trajectory of a proton starting from rest at the
origin in q region where the electric field is E= Eyy and magnetic
field is B = By 2. The particle traces out a cycloidal trajectory and
drifts in the £ x B direction.

¥ (1) = rr.cos (@ct + ¢o), (13b)

v

where vy = t% represents a drift speed. Here, we see that the
particle traces out a cycloid whose shape is determined by the
ratio of the drift speed to the gyroradius speed, v, . If vy <v,
the path of the particle is described by a curtate cycloid (a
pointed loop/cusp). On the other hand, if v > v, the path
of the particle is described by a prolate cycloid (a looping
trail). This motion can also be visualized with a simulation,
Fig. 3. Here, we examine the motion a proton in electric and
magnetic fields with B= By Z and E= Eyy. Notice that the
particle drifts in the +-x-direction, consistent with Eq. 11, and
we observe that vy < v .

This leaves us with a key takeaway: the effect of uniform
external fields on a charged particle is a net drift motion of
the guiding center superimposed on the gyromotion about the
guiding center due to the external magnetic field. This can be
expressed as

F=Xpt7y (142)
F = Ve + 71, (14b)

where X, and V. represent the position and velocity of the
guiding center relative to the coordinate origin, and X7, and vy,
represent the position and velocity of the particle relative to
the guiding center.

Application: The E x B drift plays a critical role in the subfield
of nonneutral plasmas,'> which consist of only one type of
charged particles. These plasmas can be created in a number
of geometries, but one of the simplest is known as a Penning
trap.'* This device consists of three coaxial, conducting cylin-
ders that are axially aligned with the inner and outer cylinders

biased to a positive voltage relative to the middle cylinder.
This creates a radial electric field that increases outward from
the center of the device. In addition, a strong external mag-
netic field, | B |> 1 T, that is aligned along the axis of the de-
vice is applied. This configuration results in an E x B drift ve-
locity, Eq. 11, that increases as you move radially away from
the center of the device, causing ions or electrons to rotate as
arigid body and allowing for extended confinement times.

IV. NONUNIFORM MAGNETIC FIELDS

In Section III, we saw that the motion of a particle in uni-
form electric and magnetic fields results in a net drift motion
of the guiding center superimposed on the gyromotion about
the guiding center due to the external magnetic field. We also
saw that any constant force with a component perpendicular
to the magnetic field will induce a drift according to Eq. 12.

In reality, however, most magnetic fields are not uniform,
and the strength and direction of the field varies from location
to location, and this spatial variation in the magnetic field will
result in forces that influence charged particle motion. In these
cases, particles will experience forces as a result of gradients
in the field strength and curvature of the field lines. Parti-
cles may experience “mirroring” as they move from regions
of lower to higher magnetic field strength, causing them to re-
flect back along their original path. These phenomena, which
will be discussed in more depth in this section, are impor-
tant for fusion devices, magnetic mirror traps, and for parti-
cles in Earth’s magnetosphere, where particle motion strongly
depends on magnetic field structure. Provided that electric
and magnetic fields remain approximately uniform and steady
over a cyclotron orbit, we can extend the model from Sec-
tion III to analyze the motion in more complex fields by con-
sidering the motion of the particle to consist of two parts: the
slow motion of the local guiding center and the fast oscillat-
ing cyclotron motion about the guiding center as described in
Eqgs. (14a) and (14b). The following sections will examine
drifts in nonuniform fields by applying this framework and
averaging out the gyromotion to understand guiding center
drifts.1°

A. Magnetic field with a spatial gradient, the VB Drift.

The VB drift occurs as a result of a spatial gradient in the
magnetic field strength.!> When a charged particle moves in a
region where the magnetic field is weaker, its gyroradius will
increase according to Eq. 6. Likewise, its gyroradius will be-
come smaller when it moves in regions of stronger magnetic
field. This asymmetry in the gyroradius means that the parti-
cle travels farther and spends more time in regions where the
magnetic field is weaker, which leads to a drift of the guiding
center in a direction perpendicular to both B and VB. An ex-
ample of this is shown in Fig. 4(a). Here, a proton is given an
initial velocity in the x-direction in a region where the mag-
netic field points in the z-direction and linearly increases in
the x-direction, i.e. B = B(x) £. Based on what was observed
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in Sec. I, the particle will orbit around the magnetic field in
the x —y plane and, because of the spatial variation in the mag-
netic field, the particle will drift in the direction perpendicular
to both B and VB, i.e. the +y-direction. A side view of the
motion is shown in Fig. 4(b).

(b)

FIG. 4. (a) Plot of the trajectory of a proton in a region where the
magnetic field increases linearly, i.e. B = Byx: T. The particle drifts
in the y-direction, i.e. the direction of B x VB. (b) The particle gy-
rates about the z-axis, while the guiding center moves in the positive
y-direction.

In order to derive an expression for this motion, consider a
magnetic field pointing in the Z-direction with straight, paral-
lel field lines, and a strength that varies spatially. To under-
stand how the gradient in the magnetic field influences parti-
cle motion, we first examine how the magnetic field changes
across a single cyclotron orbit. If we assume that the gra-
dient in the magnetic field is small, we can approximate the
field near the guiding center by expanding it in a Taylor se-
ries about X,.. The first two terms in the expansion give:
B(X) ~ B(X,e) + (7 - V)B. Using this approximation and
Eq. 14b, the Lorentz force equation becomes

AV dvp
ar " dr

ﬁ:m[ }:q(vgﬁm x [Be) + (- V)B).
15)

The oscillatory components, 77, and V7, will have solu-
tions of the form 7, = ry [sin(w.t) £+ cos (@) §], as given
in Eq. 7, and v, = vy [cos (@.t) £ —sin(@.?) §]. Expanding
Eq. 15 and averaging each term over a cyclotron orbit, we find
that terms linear in gyromotion vanish, as the orbit-averaged
values of sin(w.r) and cos (@) are zero. However, terms
containing sin’ (@) and cos? (@) do not vanish, and their

6

averages yield 1/2. As a result, the v, x (7, - V)E term be-
'2 . . . .
comes 7%VB and the force associated with a gradient in a

magnetic field reduces to'”
= m?
F= —TBLVB. (16)

Substituting Eq. 16 into Eq. 12 gives a drift velocity of

_1m? BxVB
T gq2B B

Vb a7
This result is consistent with the simulation in Fig. 4. In this
example, B and VB are in the Z gnd X % directions, respectively,
and the drift motion is in the B x VB direction according to
Eq. 17.

B. Magpnetic fields with curvature, the Curvature Drift

When a charged particle moves through a region with a
curved magnetic field, its guiding center will travel along the
curved field lines, causing the particle to experience a cen-
trifugal force that pushes it outward. This force, which is per-
pendicular to the magnetic field, results in a drift according to
Eq. 12.

Figure 5 shows a simulation of two oppositely charged par-
ticles moving in a constant magnetic field (represented by con-
centric rings) that acts circumferentially around the axis of a
cylinder. The particles are given initial velocities parallel to
the magnetic field. Here, we observe that the particles gyrate
around the magnetic field lines, but drift vertically in the +z-
direction for positive/negatively (blue/red) charge particles.
As the particles move, the magnetic field curves away from
the particles, creating a radial component of the velocity that
is perpendicular to the magnetic field. This causes the parti-
cles to gyrate around the field line. For the positively charged
particle, the gyroradius is larger on the outside of the curve be-
cause of the larger velocity component v, . The gyroradius is
slightly smaller when the particle is closer to the center of the
cylinder, and this slight difference in radius causes the posi-
tively charged particle to drift upward. A negatively charged
particle will gyrate around the field lines in the opposite direc-
tion, which causes a drift downwards.

In order to derive the curvature drift velocity, let’s assume
that the magnetic field points in the +z-direction and is curved
with a constant radius of curvature, R.. For simplicity, we
neglect any gradients in the magnetic field, since we have al-
ready seen their effect on particle motion in Eq. 17, and the net
drift can be found by adding the individual drifts that a parti-
cle experiences. We also average over a gyroperiod to remain
consistent with the earlier derivation. In this case, we only
need to consider the motion along the magnetic field. While
the particle gyrates around the magnetic field lines, its guiding
center will travel in a circle of radius R.. This results in the
particle experiencing a centrifugal force in the radial direction,
and the average force is given by Eq. 18.
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. mvﬁ
(F) = x (8
where v is the velocity parallel to the magnetic field. Since
the particle experiences a force, there will be a resulting drift
velocity that is perpendicular to the plane formed by the ra-
dial direction and the magnetic field. Substituting Eq. 18 into
Eq. 12 yields

Fxg_mvﬁﬁcxg
gB*  g¢B* R?

Vp = (19)

where R, is the radius of curvature of the magnetic field and
points in the 7 direction.

FIG. 5. Charged particles in a curved magnetic field drift in the
R, x B direction, with opposite charges drifting in opposite direc-
tions. Positive charges (shown in blue) drift up, while negative
charges (shown in red) drift down.

C. Magnetic fields with a spatial gradient and curvature, the
Toroidal Drift

Gradient and curvature drifts typically occur together and
an example of this can be seen in a tokamak, one of the two
dominant approaches to magnetic fusion. Here, a toroidal
magnetic field is created by a set of current-carrying coils sur-
rounding the tokamak, as shown in Fig. 6, to force the parti-
cles to circulate around the torus. The toroidal magnetic field
can be calculated using Ampere’s law: !¢

3 HoNI -
Br = 20
T W7 ( )

where N is the number of coils used to generate the external
(toroidal) magnetic field, [ is the current in each coil, R is the
distance from the center of the torus to a point inside the torus
(a distance known as the major radius), and ¢3 is the direction
around the torus. The toroidal magnetic field given in Eq. 20
has both a spatial gradient and curvature, so particles in toka-
mak plasmas will experience the drifts given by Eq. 17 and 19.

Since the particle motion will depend on the sign of the par-
ticle charge, positive charges will drift in one direction while
negative charges will drift in the opposite direction, resulting
in charge separation. Thus, in a tokamak, the gradient and
curvature drifts combine to cause the particles to drift in the
vertical direction and escape . This charge separation also cre-
ates an electric field, which when combined with the toroidal
magnetic field, can cause the particles to drift radially outward
according to the E x B drift given in Eq. 11. To account for
this, tokamaks include an additional poloidal magnetic field
to compensate for this drift and improve confinement.

P g

FIG. 6. A set of current-carrying coils, shown in blue, generates a
toroidal magnetic field that wraps around the tokamak.

=\ B

D. Application: Magnetic Mirroring

In Section IV A, we examined how particles drift in regions
where the magnetic field gradient has a component perpen-
dicular to the field. Here, we consider a scenario where the
gradient is parallel to the field lines and, for simplicity, that
the field is rotationally symmetric about a central field line,
Fig. 7, which we define to be the z—axis. In this situation,
the guiding center of the particles will move along the z—axis
but the particles will experience a constant force that comes
from the radial component of the magnetic field, g (v, X B, ).
This force will point in the direction of weaker magnetic field,
causing the particle to slow as it moves into the region where
the magnetic field is stronger (i.e. where the field lines are
more concentrated) and eventually reverse their motion, caus-
ing the particles to reflect. This is known as magnetic mir-
roring, and it results in the particle retracing its path along
the field lines. This effect is relevant for particle motion in
magnetic mirror devices such as the one employed by Realta
Fusion.!” A similar phenomenon occurs in Earth’s magnetic
field, where the dipole field acts as a natural magnetic mir-
ror, reflecting charged particles between mirror points near the
poles.

To illustrate this effect, consider the magnetic field gen-
erated between two current-carrying coils placed some dis-
tance apart as shown in Fig. 7, which produces curved mag-
netic field lines that are axisymmetric about the z-axis with
both radial, B,, and axial, B;, components. The magnetic
field strength is highest at the coil centers and reaches a min-
imum halfway between them, forming a magnetic trap that
can confine charged particles. One such field can be described
analytically'® using Eq. 21.
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FIG. 7. Tllustration of the magnetic field lines between two current-
carrying coils. The field lines spread out midway between the coils,
indicating a region of minimum magnetic field strength. The field
lines converge at the coil centers, where the field strength is at a
maximum.

2

B=Bq—§?+o+%>4, @

where z is the axial distance, r is the radial distance from the

axis, L is a characteristic length of the system, and By is the

field strength along the centerline at z = 0. This field formula-

tion satisfies Maxwell’s equation that the field be divergence-

free, V- B = 0, and provides an analytic expression for the

magnetic field, eliminating the need to find the magnetic field

by numerically integrating the Biot-Savart Law'® at each lo-
cation in space.

A simulation of a proton moving in this field is shown in
Fig. 8. The proton starts at z = 0 and is given an initial veloc-
ity with components that are both parallel and perpendicular to
the magnetic field. The particle spirals around the field lines,
reaches a mirror point in the region z > 0, and is reflected back
along its original trajectory. After reaching a second mirror
point at z < 0, it is reflected again, continuing along its path
and repeating the cycle. A close-up of the motion near the
reflection point shown on the right in Fig. 8 illustrates how
the particle trajectory changes as it approaches a region of
higher field strength. The helical motion is initially stretched
out because the particle has an initial velocity with a compo-
nent along B; however, the particle slows as it approaches the
mirror point and the helical path becomes compressed. Plots
of v and v, are also shown in the bottom right of Fig. 8. At
the reflection point, V| decreases to zero, while v | reaches a
maximum.

Using the equation for the magnetic field given by Eq. 21
in the Lorentz force equation, we can see that there is a force
acting in the Z direction, given by

F. = —qveB;, 22)

where vg is the velocity component about the z-axis. The
radial component of the magnetic field, B,, is related to B,
through the divergence-free condition of B, that is: V-B =
%% (rBr) + 3%37 = 0. If we prescribe the longitudinal gradi-
ent %BZ at r = 0 and assume that it is approximately constant,

5000
4000
3000 | /|

2000

velocity (m/s)

1000

time (ms)

(b)

FIG. 8. (a) Simulation of a proton trapped in magnetic mirror with a
magnetic field given by Eq. 21. The particle follows the field lines,
reflecting once at a point for z > 0 and again at z < 0. The inset shows
a close-up view of the particle as it approaches the mirror point. (b)
Plots of v and v, showing that v| goes to zero and v, reaches a
maximum at the mirror points.

we can integrate the condition that the magnetic field is diver-
gence free to find B,:

_ rdB;
" 2dz’

Substituting this into the force equation, Eq. 22, we obtain

(23)

rdB;
F.=qvg-—.
=4y dz
Near the z-axis, r represents the cyclotron radius given in
Eq. 6, such that

24

2
mv7 dB; dB,
= = — =, 25
T2 @z - Mao @
where u is the magnetic moment and is given by
2
mvy
=<+, 26
=g (26)
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Eq. 25 is consistent with Eq. 16, which describes the force
arising from a gradient in the magnetic field. This mirror force
can thus be written more generally as:

Fj=—(uVB)-B, @7

where B is the unit vector in the direction of the magnetic
field. Returning to Eq. 25 and taking the z-direction to be
nearly parallel to B, we can write the equation of motion as

v dB;
" T M @8

Since no electric fields are present and magnetic field do no
work, the total kinetic energy is conserved, and we can write

d (1 , 1 ,
7 (EmvH + 5mv ) =0. (29)
Differentiating this expression and using Eqs. 26 and 28 along
with v = dz/dt, we obtain

dB, dz dB  du

= — —+B—=0. (30
dedi M TP G0
The first two terms on the right-hand side of Eq. 30 cancel,
leaving

dV” d
+ —

"™ T ar

(uB) =~

du
i 0 31)
and therefore, we see that y is conserved.’

Because of the invariance of u, we can see that v o VB.
This means that as a particle moves into regions of stronger
magnetic field, v, increases and, to conserve total kinetic en-
ergy (assuming E = 0), this increase is balanced by a decrease
inv). If v drops to zero, the particle reflects and reverses di-
rection along the field line. This means that the initial con-
ditions play a crucial role in whether the reflection will occur
and at what location the reflection will occur. To see this, sup-
pose that a particle starts at an initial position with magnetic
field B; and an initial speed vy with a perpendicular velocity
component v ,. At the reflection point, v drops to zero, and
all of the particle’s kinetic energy is contained in v , as shown
in Fig. 8, meaning that at reflection, v, = vy. Using the fact
that u is conserved, we can equate u at the initial and reflec-
tion point to relate the velocity and magnetic field at these
location. Doing this tells us that the mirror effect occurs for
particles when

2
(V‘i) < By, (32)

Vi, B;

where B,y is the magnitude of the magnetic field at the point
of reflection, B; is the initial magnitude of the magnetic field
experienced by the particle.

1. Adiabatic Invariants

Readers who might be farther along in their physics stud-
ies may appreciate an alternative viewpoint for understand-
ing this motion based on adiabatic invariants. In classical
mechanics,'*?0 for a system exhibiting periodic motion, the
action interval, § p dg, over one oscillation is constant, where
p and g are the generalized momentum and generalized coor-
dinate, respectively. This can be even be true in cases when
there is a slow change to the system (i.e. the rate at which the
system changes is slow compared to the period of the motion
of interest). In these situations, the associated action integral
is no longer a strict invariant but instead an adiabatic invari-
ant and can be a conserved quantity. A plasma in a magnetic
mirror exhibits three types of periodic motion and, as a result,
has three adiabatic invariants.’~'? The first adiabatic invariant
arises from the gyromotion of the particle around the magnetic
field. Here, the generalized momentum is the angular mo-
mentum, mv | r and the generalized position is the angle that

the particle has traversed around the magnetic field, 6. Here,
2m2y

$pdg=¢$mv, r.d6=2nrpmv, = TZL =4n" . Thus, the
conservation of | previously seen is a consequence of the gy-
romotion of the particle around the magnetic field provided
that @ < @.. The second periodic motion corresponds to
the particle bouncing between the mirror points, which hap-
pens at a longer timescale than the gyromotion. Here, the
generalized momentum corresponds to the (linear) momen-
tum along the magnetic field, mv), and the generalized coor-
dinate is the distance the gyrocenter travels along the magnetic
field, ds. Since the guiding center drifts across magnetic field
lines, the motion is not exactly periodic, but it is still a con-
stant of the motion and is known as the longitudinal invariant,
J=/ ‘f v ds, where a and b correspond to the mirror (turn-
ing) points. The third type of periodic motion corresponds to
the drift of the gyrocenter across magnetic field lines. Over a
much longer period of time, the gyrocenter will exhibit peri-
odic motion across the magnetic mirror and result in a third in-
variant known as the flux invariant, ¢. This adiabatic invariant
represents the magnetic flux enclosed by the surface enclosed
by the bouncing trajectory. Because the timescale of the peri-
odic motion is quite long, it is less likely that the system will
change at a rate that is slow compared to the timescale of this
motion, and therefore may not satisty the condition necessary
for ¢ to be conserved. As a result, it tends to not be used in
calculations.

2. Wave-Particle Interactions

In a collisionless plasma, particle-wave interactions can
cause an exchange of momentum and energy, resulting in par-
ticle diffusion, transport, and scattering. In particular, and rel-
evant to the discussion here, waves can alter the particle pitch
angle, tano = v, /v through resonant interactions, which
may scatter them into the loss cone of a magnetic mirror con-
figuration where they are no longer reflected by the mirror.

Resonance occurs when the wave frequency matches one of
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the natural frequencies of particle motion (or its harmonics),
e.g., the cyclotron frequency. The condition for resonance is?!

w—K-v=na, (33)

where @ is the wave frequency, k is the wave vector, v is
the particle velocity, and n is some integer. When n = 0,
Landau damping occurs, in which a plasma wave is damped
by these wave-particle interactions.?? The adiabatic invariants
discussed above hold when changes are slow compared with
the period of the cyclotron motion. However, ® is not small
compared with @, in the case of resonant interactions, and
therefore, the adiabatic invariant g is not conserved.?!

For more information, we refer the reader to several pa-
pers. Tsurutani and Lakhina present an introduction to wave-
particle interactions in a collisionless plasma, covering ef-
fects such as cyclotron resonance, pitch-angle scattering, and
cross-field diffusion.?! Additional papers discuss in more de-
tail the effects of chorus, a right-hand, circularly-polarized
electromagnetic wave, in the magnetosphere on pitch-angle
transport.>>>* Bellan presents a relativistic pseudo-potential
model to explain how circularly polarized waves interact with
gyrating particles, and applies this work to show that electrons
in the magnetosphere can experience large changes in pitch-
angle through interactions with whistler waves.?

V. TIME-VARYING FIELDS

In the previous sections, we considered what happens to a
particle that moves in uniform and spatially varying electric
and magnetic fields. However, there are situations in which
the fields vary in time. Such situations are relevant in lab-
oratory plasmas when the electromagnetic fields are turned
on/off, in radio frequency fields (such as those found in many
industrial applications), in laser-driven plasmas, and when
electromagnetic waves travel through a plasmas. In this sec-
tion, we consider two cases with time-varying electric fields.

A. Time-varying Electric and Uniform Magnetic fields, the
Polarization Drift

Let’s now consider the case where there is a temporally
varying electric field, E = E, (t) £, that is perpendicular to a
uniform magnetic field, B= By 2. Based on what we saw
in Section III B, we would expect to see gyromotion about
the guiding center due to the external magnetic field. How-
ever, unlike when the electric field is constant, the time vary-
ing electric field will result in an acceleration that varies sys-
tematically around the cyclotron orbit and will not average to
zero like it does when the electric field is constant. This will
result in a net shift of the guiding center in the direction of
dE /dt and the shift will be in opposite directions for posi-
tive/negative charges.

For simplicity, let’s consider the case where the electric
field increases at a constant rate, e.g. Ey (1) = kt£, and assume
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that the electric field changes at a rate that is slow compared to
the timescale of the cyclotron motion. This latter assumption
allows us to resolve the motion into two different time-scales:
a rapid time-scale corresponding to the cyclotron motion and
a slow time-scale that corresponds to the variation in the elec-
tric field. Applying the Lorentz force equation yields

vy = % (E () + vyBo) (34a)
vy = _dBo, (34b)
- m

These can be decoupled as we have done before, which leads
to

9 iEx (1)
Vy = —@p (VK:F o Bo ) (35a)
b= —a? (vv + E"m) , (35b)
"B,

where the upper/lower sign in Eq. 35a corresponds to positive
ions/negative electrons. As seen in Eq. 14b, the first term in
Eqs. 35a and 35b corresponds to gyromotion around the guid-
ing center, while the second term in Eqgs. 35a and 35b cor-
responds to the motion of the guiding center which has two
components. The y-component of the guiding center motion,
the second term in Eq. 35b, is perpendicular to E and B and
thus contributes to the usual E x B drift. The x-component of
the guiding center motion, the second term in Eq. 35a, how-
ever, represents a new drift for the guiding center that is in the
direction of the electric field and is known as the polarization
drift:

1 Ec(t)
. By ’

(36)

By inspection, we can make a few observations. First, this
drift will result in the ions and electrons moving in oppo-
site directions, which results in a net current given by j, =

noge (Vp,i — Vpe) = "(""’7:”") that is in the direction of the
electric field and depends on the rate of change in the elec-
tric field. Second, because this drift velocity is proportional to
the mass, this drift is negligible for electrons. For example, if
we consider a hydrogen plasma, the polarization drift velocity
of ions is ~ 2000 times larger than for the electrons. Finally,
the polarization drift depends on the rate at which the electric
field is changing. For example, if the electric field is increas-
ing linearly, the particles will experience an E x B drift while
the particle’s guiding center will follow a parabolic trajectory
which then drives a polarization current, as seen in Fig. 9.
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FIG. 9. Sketch depicting the motion of an ion with Ezr) = k& and
B = B,2. Initially, the electric field is zero and the guiding center is
stationary (black curve). When the electric field is turned on at 7 = 0,
the particle moves according to the red curve. The guiding center
moves in the —y direction due to the ExB drift, VE‘xB’ and in the
x-direction due to the polarization drift, ¥,, (blue curve).

B. Spatially and Temporally varying Electric Fields, the
Pondermotive Force

As a final example, let’s consider the motion of a plasma
particle in a spatially and temporally varying electric field,
E = E(x)cos(wr) £ Because the ions have a much larger
inertia than the electrons, i.e., ":;T"e" > 1, they typically are
not able to respond on the timescales of the frequencies of
the time-varying electric fields that may appear in a plasma
and we can focus our attention on the behavior of the elec-
trons. Given that, suppose that an electron is in a spatial region
where the electric field is positive and let’s consider the mo-
tion of the electron during the three parts of the time-varying
cycle. During the first part of the cycle (ot < 7), the electric
field initially points in the positive direction and the electron
will experience a force that pushes the electrons into a spatial
region where the electric field is smaller in magnitude. During
the next phase of the cycle (§ < @r < 37"), the electric field
points in the negative direction and the electron will experi-
ence a force that causes it to slow before being pushed back
into a spatial region where the electric field is larger in mag-
nitude. However, because it is starting in a region where the
magnitude of the electric field is smaller, it will experience a
smaller force that it did in the first part of the cycle. During
the final part of the cycle (37” < ot < 2m), the electric field
is positive again and the electron will again be pushed into a
region where the electric field is smaller in magnitude. If we
consider this over the whole cycle, the variation in strength of
the force on the electron will result in the electron experienc-
ing a net displacement into a region where the electric field is
smaller.
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To be more quantitative about this, we again start with the
Lorentz Force Law, which gives

T
Vy = mE(x) cos (t). 37)

Eq. 37 can not be solved analytically, but we can gain in-
sight through perturbation theory by performing a Taylor se-
ries expansion around the starting position of the electron, x,,
and keeping terms to second order. To do this, we note that
x(t) =xo+x1 (t)+x2 (1?) and E (x) ~ E (x0) +x1 (1) %‘x:m»
where the subscripts 1 and 2 are used to keep track of the order
of the terms in the Taylor series expansion. We have assumed
that the electric field is to be of first order, which means that
the product x; (1) % [x=x, is of second order and no contribu-
tion from x;, is required. After collecting terms, to first order,
Eq. 37 becomes

B = %E(x,,)cos(wt). (38)

Eq. 38 can be integrated to obtain the trajectory, x; (f) =
*TC,{,zE’co cos (@t), which exhibits oscillatory motion about
the 1nitial location of the electron. A more interesting result

can be found when looking at the second order term:

.4 dE
B=n (1) T . cos (r) (39)
2
_4q dE 5
= mzsz (x0) o . cos” (t). (40)

Using the trigonometric identity, cos?x = % (14 cos2x), and

dg? d
a property of the derivative, gT(x) =2g(x) % Eq. 40 can
X X
be simplified to
2 2
. g dE
=— — 1 20t). 41
i Aok dx . (1+cos2awr) (41)

Here we see that the electron experiences a fast acceleration at
2m, which averages to zero over a cycle, and a mean acceler-
ation that will change the particle’s motion. This corresponds
to what is known as a ponderomotive force, given by:

2 2

q- dE
F,=— 427 4
P dmre? dx | _ ' “2)

where the minus sign tells us that the electron will be driven
into regions of smaller electric field.

Application: This simplified model provides an initial under-
standing of the behavior of electrons in radio frequency fields,
such as those found in many industrial applications, and in
laser-driven plasmas, where the laser intensity is large enough
to ionize the gas. In the latter case, when the frequency of
the laser exceeds the plasma frequency, the laser will exert a
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pondermotive force on the electrons that pushes them from
the center of the beam to a region where the electric field is
smaller. This reduces the electron density in the region where
the laser beam is present. Since electron density and the re-
fractive index are inversely related, the index of refraction will
be larger near the center of the beam. The plasma now acts as
a waveguide for the laser, and the beam will self focus as it
propagates. This is similar to what occurs in optical fibers,
where light travels in a core that is surrounded by a medium
with a lower index of refraction.

VI. CONCLUSIONS

The motion of a single charged particle in electromag-
netic fields provides a foundational model in the hierarchy
of models used to describe and understand plasma behav-
ior. Although this model neglects collective effects arising
from collisions, interparticle interactions, and the resulting
self-consistent evolution of the electromagnetic fields, this ap-
proach still offers rich physical insight into many fundamen-
tal processes and applications. In this paper, we derived ana-
lytic expressions for several types of drift motion, all of which
occur when a charged particle interacts with a combination
of externally applied electric and magnetic fields. These in-
clude the E x B drift, curvature and VB drifts, toroidal drift,
magnetic mirroring, polarization drift, and the ponderomotive
force. In general, we observed that the particle’s trajectory
can be described as a fast gyromotion about the guiding cen-
ter, due to the magnetic field, that is superimposed on a net
drift motion of the guiding center itself. All of these effects
emerge naturally from applying the Lorentz force equation.

Despite the simplicity of the single-particle model, these
drifts form the basis for understanding the operation of many
plasma devices and applications. Examples include mag-
netic mirroring, confinement in fusion devices like tokamaks,
and particle motion in radiofrequency and laser-driven sys-
tems, where the electric field varies with time. A strong
understanding of single-particle motion sets the stage for
more advanced plasma models, including those that incorpo-
rate particle distributions, wave-particle interactions, and self-
consistent fields. The reader is encouraged to explore the other
papers in this collection to see how single-particle dynamics
are integrated into more complex and collective plasma phe-
nomena.

VII. SUPPLEMENTARY MATERIAL

See the supplementary material for the python code used to
calculate the values in Table 1 and the majority of the figures
in this manuscript.
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